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Some methods for solving the differential equation of the nonlinear anharmonic 
motion of an oscillator is here considered. The different given solutions are com- 
pared. It2 1986 Academic Press, Inc 
1. INTRODUCTION 
The differential equation of the nonlinear anharmonic motion of an 
oscillator is 
.i + 02x = -ax2. (1) 
Peters [ 11 and Usher [2] sought some approximate solutions for Eq. (1) 
subject to the initial conditions 
x(0) = A, i(0) = 0. (2) 
If we choose A = --~*/a, the solution of Eq. (1) subject to the initial con- 
ditions (2) is 
x(t)= -g (3) 
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and none of the approximate solutions given by Peters [ 1 ] are equal to (3) 
for this value of A. 
In this paper we investigate some methods of solving the initial problems 
(1) and (2) which includes the solution (3). In pursuit of this we put 
co2 
x=“-2cc. 
Inserting (4) into (1) and (2) we obtain 
co4 . u+ctu2=4cr 
u(0) = A +g, C(O) = 0 
(4) 
(5) 
In the next section, we discuss the series solutions of Eq. (5). Section 3 
deals with the comparision of different solutions. Some final conclusions 
are made in Section 4. 
2. SOME SERIES SOLUTIONS 
To solve Eq. (5) let us investigate a solution in the form 
u(t) = co + c, sin wt + c2 sin’ ot + . . ., (7) 
where the coefficients c,,, c1 , c2,... are constants and to be determined. 
By inserting (7) into u(0) = A + w2/2~ we obtain 
2 
c,,=A+&. (8) 
Substituting (7) into LHS of (5) and equating the sum of the coefficients of 
each sin?&; n = 0, 1, 2 ,... to zero, we have 
2c02c2 +EC; = ;: n = 0, 
n2 
(9) 
c “+2=(n+2)(n+1)C”-021n+~~(n+1)(CUC”+ ... +cA); n3 1. 
From ti(0) = 0 and (7) we can immediately conclude that c1 = 0. The 
second equality of (9) and c1 = 0 yields c3 = 0, c5 = O,..., successively. For 
the coefficients with even subscript we obtain 
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2 
c,=A+W 
2a 
c2= -$(m2+Aa) 
c6= -&A(co2+Aa)(&$)(15--$) 
-&(02+Aa)2; etc. 
This yields the solution 
A 
x(t)=A-g(~2+Aa)sin20t+ ... (11) 
for Eq. (1) subject to the initial conditions (2). As we see the coefficients 
c2, cd, c6 are vanished for A = -02/a, and it can be readily shown that the 
other coefficients are vanished too for this value of A. Therefore x(t) = 
-02/a for A = -o’/a. 
It is interesting to note that the series solution (7) converges for all t. In 
fact, in the case cg > 0, c2 > 0, and a = -f12, from (9) we obtain c, > 0 for 
n = 4, 6,... By the second equality of (9) we can immediately conclude that 
n~2(n+2)(n+l)c,+2= f n2c, +-i. &: (“;,%)‘-g (12) 
II=2 
or 
8’( f c”)2+ f nc, = j3’ci - 2~0~~7,. (13) 
II=0 ?I=0 
Therefore, in this case, the series of coefficients of series solution (9) con- 
verges. Now if we put 
4 = ICOI, c; =o, 4 = Ic21, 
2 
‘,+‘=(n+ l;(n+2)C” 
(14) 
I 
+ I4 
02(n + l)(n + 2) 
(cbc:,+ ... +cLc,); n 2 2, 
ANHARMONIC MOTION EQUATION 491 
then the series x:,“=0 ci converges. Since Jc,,J 6 ck, it follows that the series 
solution (7) is absolutely convergent for all t and consequently the series 
solution (7) converges for all t. 
Now we seek a power series solution in the form of power series, say, 
u(t)= f a,t” (15) 
for Eq. (5) subject to the initial conditions (6). 
Inserting (15) into (5) and using the initial conditions (6) we can 
immediately conclude 
a, =O, a3=0, a5 = O,... 
and 
a,=A+& 
2LY 
2a2+aa~=~ 
(16) 
(17) 
an+2=tn+2T;n+ l)(a0an+a2a,-2+ ... +a,-,a,+a,a,); 
n=2k,k>l. 
The coefficients (17) are vanished for A = --~‘/a and the corresponding 
solution of Eq. (1) becomes x(t) = -w*/cr, as before. 
3. COMPARISION OF THE SOLUTIONS 
The solutions (7) and (15) are identical. This identify can be immediately 
verified by substituting the Maclaurent series of sin ot into (11) and 
writing it as a power series. 
Our solutions are identical to the approximate solutions given in Peters 
[I]. The first method for obtaining the approximate solution of (1) as 
suggested by Rayleigh [3] is the zeroth order solution. 
x(t) = A cos cot (18) 
corresponding to the case LX = 0. 
In this case the Eqs. (9) yield 
c2= -+A 
n-l 
c n+2 c-c. n+2 “’ 
n > 2. 
(19) 
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By inserting (19) into (7) and using (4) we obtain 
x(t) = A( 1 - 4 sin’ at - Q sin4 wt - & sin6 wt - . . .) 
= A( 1 - sin* it)‘/* = A cos wt, (20) 
in agreement with (18). 
Substituting x(t) = A cos wt into the RHS of (1) yields 
jl+w*x= --crA*+crA*sin*wt. (21) 
This equation subject to the initial conditions (2) has the solution 
x(t) = b, + b, sin wt + b2 sin* wt + . 
where 
(221 
b, =O, b,=O, b, = O,... (23) 
and 
ho= A 
b,= -&(aA*+w*A) 
bl=;b2+$ 
b 
n-l 
n+2 r-b. n+2 n’ 
n 2 3. 
Inserting these coefficients into (22), we find 
x(t)=(g+A)[ l-isin2wt-$sin4wt-$sin”wt- ... 1 
aA* ctA* 
-g-Gsin2 wt 
2 2 
coswt+$os2wt-$ 
(24) 
which is as the same as the first-order approximate solution given by 
Peters [ 11. 
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4. CONCLUSIONS 
It has been shown how the series solution (7) and the power series 
solutions may be used to solve the anharmonic motion equation. Our 
methods will cover the approximate solutions used by Peters [ 11. If we use 
the method of approximate solutions used by Peters [ 1 ] to (5) subject to 
the initial conditions (6) we may find an approximate first-order solution 
that is not periodic and tends to infinity as t + co. 
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